In this paper, I first notice that the discriminant(denoted as ∆)of the root of a cubic equation is invariant under modular transformation α = p 2 β+p 1 q 2 β+q 1 , p 2 q 1 − p 1 q 2 = ±1. That is, the discriminant(denoted as ∆ 1 ) of α equals the discriminant(denoted as ∆ 2 ) of β. Then I use the cubic formula of the cubic equation to decompose ∆ 2 − ∆ 1 into three factors T 1 T 2 T 3 , and so T 1 T 2 T 3 = 0. By calculating (using the Maple program), we can see that when q τ 1 is large enough, two of the factors are conjugate complex numbers which are not equal to zero. Finally, the theory of p-adic number is used to prove that the first factor is not equal to zero. Thus, I can prove the following conclusion: If there is a rational fractions p/q such that |α − p/q| < q −2−τ , (τ > 0), then q τ < C. (where C = C(α) is an effectively computable constant.) In particular, the sequence of partial quotients of continued fractions expansion of any real algebraic number of degree 3 is bounded.
result when n ≥ 3; he showed that the inequality |α − p/q| < q −0.5n−1−τ , τ > 0, has at most finitely many solutions (p, q), (p, q) = 1. A further improvment was made by Siegel [4] in 1921; he proved that |α − p/q| < q −n(s+1) −1 −s−τ , τ > 0, 1 ≤ s < n.
has at most finitely many solutions (p, q), (p, q) = 1. A further weakening was made by Dyson [5] and Gelfond [6] independently in 1948. They proved that |α − p/q| < q − √ 2n−τ , τ > 0.
has at most finitely many solutions (p, q), (p, q) = 1. Finally in 1955 Roth [7] obtained the best result, he proved that |α − p/q| < q −2−τ , τ > 0.
has at most finitely many solutions (p, q), (p, q) = 1. We know that there are infinitely many p/q, (p, q) = 1 with |α − p/q| < q −2 .
For any given α, with degree deg α ≥ 3, It is still unknown whether is badly approximable, i.e. whether there exists a c > 0 so that |α − p/q| > cq −2 , for every rational p/q. The conjecture [1] is that this holds for no algebraic α of degree ≥ 3. Another conjecture [1] is that the inequality
has only finitely many solutions p/q for k > 1. In this paper, I prove the following Theorem : Let α is a real algebraic number of degree n = 3, if the inequality
has rational number solutions p, q, then q τ < C = C(α) (where C is an effectively computable constant).In particular, the sequence of partial quotients of continued fractions expansion of any real algebraic number of degree 3 is bounded. The second part of the theorem is true because a property of continued fraction.i.e. If p q − α < 1 2q 2 , then p/q is a convergent. So we only need to prove the first part of the theorem.
Preliminaries:
In this part, we first give some basic properties of continuous fractions. Let
(q 1 < q 2 ) are two consecutive convergents to α, since the convergents are alternately less and greater than α, we have
write
Note that
We have by (3) and (4) 
It is clear that
We substitute (4) into (6) we obtain 1 q 2+τ 1
Multiplying two side of (7) by q 2+τ 1 we obtain
by (5) . Combining (4) (9) we also have
We also have Lemma 1: s > |ε 1 | 1.5 when q 1 sufficiently large. If the lemma is not true, then q
by (3)(4)(5),and q
so that q 0.5
which is impossible for 0 < w ′ , τ, σ ≤ 1, when q 1 sufficiently large.
Lemma 2 [2] :Let f ∈ Z[x, y] be a binary form such that among the linear factors in the factorization of f at least three are distinct. Let d be a positive integers. and P be the greatest prime factor of f (x, y). Then for all pairs of integers x, y with (x, y) = d, P >> loglogX,
where X = max(|x|, |y|) > e and the possible constant implied by the >> symbol only depends on f and d and is effectively computable. We also need some properties of the p-adic numbers field Q p over the rational field Q.
Lemma 3: p-adic field Q p is complete. Series a n ∈ Q p converges if and only if |a n | p → 0. where x = p α x 1 /x 2 = 0, (x 1 , p) = 1, (x 2 , p) = 1. and |0| p = 0, |x| p = 1/p α .
Proof of the theorem :
Suppose α is real algebraic of degree 3 satisfies an equation
and its discriminant on x is ∆ = −27
Let
are two consecutive convergents of α, we have
Substitute this in (15) we obtain
where
discriminant of (18) on β is
We shall prove that, if q τ 1 sufficiently large, (20) is false. We may write (20) as a cubic equation on B
Using the cubic formula of the cubic equation, We can decompose the left side of (21) into three factors T 1 T 2 T 3 , therefore
where ω = 1, ω 3 = 1, and
We shall prove Lemma 4 : If q τ 1 sufficiently large, then T 1 = 0, T 2 = 0, T 3 = 0. so (22) or (21) is impossible.
It immediately follows that the theorem is true from the lemma 4. First, we have
by (3) and (5). We substitute this in (19) we obtain
where u = 3aα 2 + 2bα + c, v = 3aα + b, µ = vu −1 , δ = au −1 . and notice that ∆ is fixed, so we may write ∆ = u 4 ∆ 1 .
Note that s → 0 also a fortiori ε 1 → 0 when q τ 1 sufficiently large by (4) and (5). We substitute (25) in (24), we have
by using (10), when q τ 1 sufficiently large. Since s > 0, so F > 0 for sufficiently large q τ 1 ,
The first equation of (23) may be written
by (24). where
and
We substitute (25) in (28), and note that (10), we obtain
Therefore we have
from (26)(28) and (30), so that |12Dξ| < 1, |12Dξ| < 1 for sufficiently large q τ 1 . Note that (28) and (27), we don't need to distinguish the two case D > 0 and D < 0. We may suppose that D > 0. We have Taylor's expansion when |12Dξ| < 1, |12Dξ| < 1.
If T 1 = 0, then (27) and (32) give
Let p be the greatest prime factor of D, by the forth equation of (19) and lemma 2, for sufficiently large q 1 , such that p > 3∆. also (p, C) = 1, by (20). Otherwise p|∆ which is impossible.
therefore B n is a rational fractoinwhich denominator is C 6n−2 , by (34). Since prime p > 3∆, and p|D, (p, 3C) = 1, so every B n is p-adic integer. Note that if p k ||n!, then k = [ 
therefore the series D n 1/3 n B n is p-adic convergent, by lemma 3. In the left side of (33)each term is multiples of p, except that the second term is p-adic unitso (33) is impossible. and T 1 = 0 when q τ 1 (since 0 < τ ≤ 1,if q τ 1 sufficiently large, then q 1 is also sufficiently large.) sufficiently large.
